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1 Notation

G, BIRBEETZ. ()13, g€ GGG OREEET S, (G) 1, G OREELEOESLT S,
We(H) (£7:13 WH) 13, FI&#E Ng(H)/H, 7L, H &G DWW, Ng(H) 1 HD G 2B 5EHR
LB, 9%, “OOHSMH K<GIcHL, H\G/K 12 G o H & K2 X 2WRAHE [H\G/K] 13,
ZO5RARERET S, (H) 1k, GOWSM H 2 a0 $4bs, (H) = {9H | ge G}, =£L,
gEGICHL, 9H :=gHg !, 5. G4 X ITHL, [X] 1, X 2&t G-EGOREE, X 2MERE
GOLE, |X| 13, X OBEOMEKLETS. DI, G OHIHED collection 2HT; T4bE, DIF, G-It
#E L DBIETHECVWS G OFTHOELTH S, C(D) Ik, DO G-IBELROEALET D, T4bb,
C(D) = {(H) | H € D}. D7 G DOHIHELED L= C(D) % C(G) L#<, GaBRICET2 XLy + D
DAET AMEE up EF . AFTE, REFPMLEZF b0 LT3, 0X 1, RO OHIGH LT 5,

2 Introduction

HIREED collection D—ME/S— 4 FEL ([Yo90]) DHITHEDOWIZEIX, [I015] TH® &6tz NTRELE Z
D Young HBTHED collection 2> 5 fF 515 —fN— v A FBUZ, 1 THRWVHEIL o 2K ([I015]). Bt a
ERFREEO RIBIE 2 5.2 5. X [OTY16] T, HAIEHI0 o DL EREE MR TEL 2 L2 R Lk,
ARTlE, EEDER Coxeter #f & # D parabolic subgroups ? collection (28 L T o & FARRDOME % o0
%, Solomon DRXARIEDOARDELISHR L, ZNHILTHL I L, £/, ZOmd, LHEHFHEHV
CHBITE S 2 L2 &R LEFL [OTY] OB A~ 2,

W = (S) % Coxeter system(W,S) ZFi >R Coxeter # L § 2. FEOWHESG J C SITHNL, WD
HABEW,; = (s | s € J) & W D standard parabolic subgroup L W5, X O —f&ic W OEa#EE, H5
standard parabolic subgroup & W-H&%TbHh % & ¥, parabolic subgroup EW-EN S, P W ODTXRTD
parabolic subgroups D& LT 5, Q(W,P) 2zt [W/H|, 7z72L, H € P, TERINI@HED/NN—
A FE QW) OEaEEE 35, ZoLE, QW P)IIEE {(W/H] | (H) e C(P)} zf>HH Z-MEFT
B%. GOA—vH4 FEQG) &, G/H DR [G/H]((H) € C(G)) D T8I EAti» & 72 % nlHB
Thb, L, EEDILOEDEIZ

(G/H]-[G/K]= Y [G/HNK). (2.1)
HgK€e[H\G/K]
ThHZoND., EROZODHIEAE J K CS & W ePITHL,
(W/Wl- [W/Wk] = > W/ (Wr N0 9Wio)] (2:2)
WJgWKE[WJ\W/WK]

DKL 5 ([So76]) 226 (W, P) 13 QW) DEITERTH 5. ZDER% partial Burnside ring (#57/N— v
A FER, £7:13 PBR LB&ELY %) relative to the parabolic subgroups of W ([BBTH92|, [Ta06]) &IF-53,
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my EREW/ W, D522 W OBBIEEL TS, c 2T RTDILs € SITHL e(s) = -1 TERIND
W OZRRIEE T 5. K/
e=> (-, (2.3)
JCs

1 Solomon 12 & Y 5 5 4172 ([So66]).
AEOHMIE e 225 Q(W'P) D1 THEVWHEITEE5222LThH2D.

Theorem 4.3 Let W be a finite Coxzeter group with Coxeter system (W, S) and let o be an element
> (=nMiwywy)
JCS

of the PBR (W, P) relative to P of W. Then « is a non-identity unit of 2(W,P).

Jewe W BHEEL Jv = K ([GP00, 2.3.1]) BRZT 3 & &, “o0WNEA LK C SH W QR
Cozeter class ICBT 5 L9, T, Wy L W 3 W TH&EThH 2 2 L LFEfETH % ([GPOO, 2.1.13]).
py % J @ Coxeter class DICOMEEE T 5. HpyiE, Wy & W NTHE L standard parabolic subgroups
DEEE % L\, Theorem 4.3 DR ELTRE/HS,

Corollary 4.5 Let W be a finite Coxeter group with Coxeter system (W, S) and let a be an element

> )Yy wy]

JCS

of (W, P). Then
a= > (=)W

(Wy)eC(P)

S5, EEDOBRIAR Coxeter HECHT LT, ZIHBHZ M7 a DA (R 4.6) bEo5N 5,

3 Burnside ring
Wkt H <G & G-5HEE X TxL,
invg(X)={z e X | he=xforall he H}
L ¥ %, [t079, Proposition 1.2.2] Ic k b, fEi%o (K) € C(G) Ik L,
on : [G/K] = [invy (G/K)|, (H) € C(G)

THEALNB G ¢ = (pr) : 2(G) = 2G) = [Imecie) L 13, MHBUERMTH 2. ¢ 1%, Burnside
homomorphism % 721%, mark homomorphism EWHIN T2,
EED x € 2(G) T, () = (zu)m)ece) € R2(G), KL, vg=pu(x) £EL.

4 Units of PBR relative to P of W

W,S)zares—% WzHRET S, (W,S) D Cozeter element &1, [[,cqr € W DIETERINS
W DILTh2, W Darzxey—makid W o—2>0LE88 2 /KT % ([CaT2, Theorem 10.3.1]) 225, 7
R—DDIEH (cg) € (W), 72IZL, cs e WIdarxs—it, BHET 2.

Lemma 4.1. Let P be a parabolic subgroup of W with (P) = (Wy) € C(P), where J C S. Then
P includes an element op with (ocp) = (cj) € k(W), where cy is a Coxeter element of the standard
parabolic subgroup Wy.

Proof. IRELDILw € W BHEIEL P =W, Zii’zTH»6, op=wcyw™l, XL, c; 3W;Darx
y—in, EBLZLICKD, (op)=(cy) 2155. 0



EEDOEIHE H < W XL, parabolic subgroup Py % H % &9 XT®D parabolic subgroups D33
o e LTE#T S, Lemma 411K D, W OIEED parabolic subgroup P T (P) = (W) Ziii7z 3 b o
%, TD(TPTP—P<UP>, (O‘p)—(CJ) il TboxET,

a=">Y (-)IW/W,] € 2(W,P) (4.1)
Jcs
B Lol QW) b EEns. BE P I3ILEMT 2 & 211 TH L T T ([So76, Section 2]), W € P
IR SLOp 6, W, P) 13 2(W) @*Bﬁj\f"ﬂ“( % ([Y090, 3.15 (b)]).
Lemma 4.2. If o(a) = (anx)mecw), then ag = ap, for all (H) € C(W), and ap = e(op) for all
(P) e C(P).
Proof. H% W Oi#E L % &, parabolic subgroup Py DEFEL D),
ianH (W/WJ) = {UWJ | PH S UWJ} = {UWJ ‘ H S UWJ} = iIIVH(W/WJ)

DITRTCOEAES J CSIOVWTHLT %, 65T ag = ap, PMEED (H) € C(W) IR LTHY 3,
P =Py, %, PePIZNLTRLZYT 205, invp(W/W;) =inv . (W/W;) BT XTOETEE J C S
Iz b!’CE‘Z D37, [So66, Theorem 2] I2 &k V), EED P e P LJ(TL

elop) =Y (~)Vlx;(op)

JCs

= 3" () (W/ W)

JCS

= > (=)lep(W/Wy))

JCS

=¢p (Z(l)lJI[W/WJO
Jcs

MR LDZ LD 5, O

Remark 1. Lemma 4.2 follows from [GP00, 3.1.8] also. However, our proof does not require Deodhar’s
Lemma [De77].

[Y090, Corollary 4.3] & Lemma 4.2 Z /i3 Z &I2k D,

a = Z m (Z MP(RH)E(UH)) [W/P],

(PYeC(P) HeP
22U, og €W, H=Hgy,y, BROIOCEDDDD, S5IC, o OERE (B (41) LX),
1 _J ps if elop)=1,
|Ww (P)| (%,HP(P’H)e(UHO _{ —py it elop) =-1,
L, p= (K C S| (W)= (W)}l (P)= (W), %15,
Lemma 4.2 XL T OEHREZ KT,

Theorem 4.3. Let W be a finite Coxeter group with Coxeter system (W,S) and let o be an element

> )Yy wy]

JCS
of (W, P). Then « is a non-identity unit of 2(W,P).

Corollary 4.4. Let 2(W,P) be a PBR relative to P of W. Then there is a subgroup of the unit group
(W, P)* generated by —1 and a.



WD index 2 S DETEEGRENS, C(P) Y HEZ2 I LICL VMU TDRZRS,

Corollary 4.5. Let W be a finite Coxeter group with Coxeter system (W,S) and let o be an element

> )W wy]
JCS
of 2(W,P). Then
a= Z (=)l [w/w].

(Wy)eC(P)

TEOMNAER2 7y =BT L, £ps OfED Geck & Pleiffer IC X DEHEIN TS, 206 DfGHE
[GP00, 2.3.8, 2.3.10, 2.3.13] 26 LI F O % %133,

Corollary 4.6. 1. Let W be the Coxeter group of type A, _1, then

o = Z(*l)ul (EI kJ gJ)[W/WJ]a

Asbn Lreeso

where Ay = (lelJ, e ,néi) is a partition of n, ky = 0] +---+ 4], and W is a subgroup in the class
with label X\ .
2. Let W be the Cozeter group of type B,,, then

O‘_Z 2 (- ]<£{7.]f. W)[W/WJ]

m=0\;Fm

where \j = (16{, ... ,m%) is a partition of m, ky = {{ +---+ ), and Wy is a subgroup in the
class with label \j.
3. Let W be the Cozeter group of type Dy, then

=fj > oy M Y

0AsjFm

b ()

Agbn: all-even TrTn

n S (=)l (2 —~ ii) (41’, k W) (W/W,]

Asbn: has an odd part

where \j = (1[1]7 .. .,ml;]n) is a partition of m <n—2,n, ky =0{+---+0], and W is a subgroup
in the class with label X\ ;.
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